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a b s t r a c t
There are well-known necessary conditions for the existence of a generalized Bhaskar Rao
design over a group G, with block size k = 3. The recently proved Hall–Paige conjecture
shows that these are sufficient when v = 3 and λ = |G|. We prove these conditions are
sufficient in general when v = 3, and also when |G| is small, or when G is dicyclic. We
summarize known results supporting the conjecture that these necessary conditions are
always sufficient when k = 3.
© 2009 Published by Elsevier B.V.
1. Introduction
Throughout this paper G is a finite group of order |G|, written multiplicatively, 0 6∈ G is a zero symbol, and v, b, r, k, λ
are positive integers with v ≥ 3. If |G| = 1, the group is called trivial, otherwise G is nontrivial.
Definition 1. A generalized Bhaskar Rao design GBRD(v, b, r, k, λ;G) is a v × b array, each entry of which is either 0 or an
element of G such that:
1. each row has exactly r group element entries;
2. each column has exactly k group element entries;
3. for each pair of distinct rows (x1, x2, . . . , xb) and (y1, y2, . . . , yb) the list
xiy
−1
i : i = 1, 2, . . . , b, xi 6= 0, yi 6= 0,
contains each group element exactly λ|G| times.
When |G| = 2, such a design is a Bhaskar Rao design, introduced by Bhaskar Rao [5].
Remark 2. Although we are in general considering groups multiplicatively, we often find it convenient to express cyclic
groups additively. To avoid confusion, in these situations we denote the group by Zn rather than Cn.
1.1. Immediate restrictions on parameters
Group order condition. Clearly λ ≡ 0 (mod |G|).
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Underlying design conditions. Taking a GBRD(v, b, r, k, λ;G) and replacing the group element entries by 1 and leaving
the other entries as 0, produces a (0, 1)-matrix which is an incidence matrix for a balanced incomplete block design,
BIBD(v, b, r, k, λ), or an all 1’s matrix if v = k. It is well known that r = λ(v−1)k−1 and b = λv(v−1)k(k−1) . Both r and b are integers
and hence λ(v − 1) ≡ 0 (mod (k − 1)) and λv(v − 1) ≡ 0 (mod k(k − 1)). These conditions are sufficient to ensure the
existence of a BIBD at least for k ∈ {3, 4, 5}, except that no BIBD(15, 21, 7, 5, 2) exists (Hanani [17]).
We usually use the abbreviated notation GBRD(v, k, λ;G), or GBRD(v, k, t|G|;G).
Two extra conditions when |G| is even and k = 3.
(i) From Drake [11], if v = 3 and the Sylow-2-subgroup of G is (nontrivial) cyclic, then λ ≡ 0 (mod 2|G|).
(ii) Consider a GBRD(v, 3, λ;G) for G of even order. Since k = 3, λv(v − 1) ≡ 0 (mod 6).
(a) If |G| ≡ 2 (mod 4), then the Sylow 2-subgroup is cyclic of order 2. Hence, there exists a surjective
homomorphism from G onto C2 (see for example Scott [23], Theorem 6.2.11). Applying the homomorphism entrywise
to the GBRD(v, 3, λ;G) results in a GBRD(v, 3, λ; C2). Seberry [24] used a counting argument to show when G = C2,
then b = λv(v − 1)/6 ≡ 0 (mod 4). Therefore λv(v − 1) ≡ 0 (mod 24).
(b) If |G| ≡ 0 (mod 4), then λ ≡ 0 (mod 4). Since v(v − 1) ≡ 0 (mod 2) for all v, and we already have
λv(v − 1) ≡ 0 (mod 6), this gives λv(v − 1) ≡ 0 (mod 24) immediately.
Summarizing these necessary conditions for k = 3, gives the following theorem:
Theorem 3. If G is a finite group, then the following conditions are necessary for the existence of a GBRD(v, 3, λ;G):
(i) λ ≡ 0 (mod |G|);
(ii) λ(v − 1) ≡ 0 (mod 2);
(iii) λv(v − 1) ≡
{
0 (mod 6) if |G| is odd
0 (mod 24) if |G| is even.
(iv) If v = 3, and G has a nontrivial cyclic Sylow 2-subgroup, then λ ≡ 0 (mod 2|G|).
1.2. Examples
Example 4. C2 =
〈
c : c2 = 1〉 and C4 = 〈d : d4 = 1〉 are cyclic groups. Define P and Q :
P =
1 c 0 c1 1 c 00 1 1 c
1 0 1 1
 , Q =

1 1 1 1 1 1 1 1
1 d d2 d3 c cd cd2 cd3
cd cd3 1 d2 d3 d cd2 c
cd3 1 c d cd d2 cd2 d3
 .
Then P is a GBRD(4, 3, 2; C2) and Q is a GBRD(4, 4, 8; C2 × C4). Note that the design Q has no zero entries, since in this
design v = k = 4. In general, if v = k, then there are no 0 entries and the design is also known as a difference matrix.
2. Construction of combinatorial designs
In this paper we make use of a variety of construction results.
Definition 5. Let v and λ be positive integers, K be a set of positive integers and X be a set of v elements. A pairwise balanced
design, or PBD(v; K ; λ), is a collection of (not necessarily distinct) subsets of X (called blocks), for which:
1. each pair of distinct elements of X appears together in exactly λ blocks, and
2. if a block contains exactly k elements of X then k belongs to K .
A balanced incomplete block design, BIBD(v, k, λ) is a PBD(v; {k}; λ).
From Abel et al. [1] we have the following:
Lemma 6. For all v ≥ 3,
(i) there exists a PBD(v; {3, 4, 5, 6, 8}; 1);
(ii) if v ≡ 0 or 1 (mod 3), then a PBD(v; {3, 4, 6}; 1) exists;
(iii) if v ≡ 0 or 1 (mod 4), then a PBD(v; {4, 5, 8, 9, 12}; 1) exists.
We use several construction theorems which are based on PBDs and subgroup structure.
Theorem 7 ([10]). If there exists a PBD(v; K ; λ) and, for each h ∈ K , a GBRD(h, k, µ;G) exists, then a GBRD(v, k, λµ;G) also
exists.
Theorem 8 ([20]). Let N be a normal subgroup of a finite group G. Then, if both a GBRD(v, h, λ;G/N) and a GBRD(h, k, µ;N)
exist, a GBRD(v, k, λµ;G) also exists.
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From Gibbons and Mathon [15] we have constructions from group homomorphisms:
Theorem 9. If G and H are groups with a surjective homomorphism θ : G → H, and there exists a GBRD(v, k, λ;G), then a
GBRD(v, k, λ|G|/|H|;H) can be constructed by applying the homomorphism entrywise.
In particular, we have
Theorem 10 ([15]). Let N be a normal subgroup of G, and suppose a GBRD(v, k, λ;G) exists. Then a GBRD(v, k, λ;G/N) exists.
Generalized Bhaskar Rao designs can sometimes be constructed directly from group divisible designs, or GDDs. (Note that in
a group divisible design, the word ‘‘group’’ refers to a part in a partition, and should not be confused with the group G.)
Definition 11. A group divisible design, (K , t)-GDD of type gv consists of a set X of gv points partitioned into v groups of
size g , together with a collection of (not necessarily distinct) subsets of X (called blocks) with sizes from K , such that (1) no
two points in any group appear together in any block and (2) any two points in different groups appear together in exactly t
blocks.When K = {k}, we normally write k instead of {k}, andwhen t = 1, we normally write K -GDD instead of (K , t)-GDD.
Definition 12. An automorphism of a (K , t)-GDD of type gv is a permutation of the points of X which induces a permutation
of the blocks.
Set g = |G|. The existence of a GBRD(v, k, gt;G) implies the existence of a GDD with an automorphism groupG of order g
that acts regularly on each group of the GDD. (That is, for any two pointsα and β in the same group there is a unique element
ofGwhichmaps α to β .) Given a GBRD(v, k, gt;G), let the entry in the ith row and jth column be xi,j. Set Iv = {1, 2, . . . , v}.
The required GDD of type gv will have X = Iv × G. For each column j and for each y ∈ G, construct a block of size k of the
form {(i, xi,j · y) : i ∈ Iv, j 6= 0}. For each column, these g blocks are all disjoint. Repeating this procedure for all columns
gives the required GDD. This procedure is also reversible. We state this as a theorem:
Theorem 13. A GBRD(v, k, |G|t;G) exists if and only if there exists a (k, t)-GDD of type |G|v with an automorphism group G
acting regularly on each group of the GDD.
Definition 14. A GGDD(v, k, gt;G) is a (k, t)-GDD of type gv in which G is an automorphism group of order g acting
regularly on each of the groups of the GDD.
Example 15. Consider the GBRD(4, 3, 2; C2) in Example 4. The corresponding (3, 1)-GDD of type 24 with an automorphism
group C2 that acts regularly on each group of the GDD has X = I4 × C2. The 8 blocks each of size 3 are:
{(1, 1), (2, 1), (4, 1)}, {(1, c), (2, c), (4, c)}, {(1, c), (2, 1), (3, 1)}, {(1, 1), (2, c), (3, c)},
{(2, c), (3, 1), (4, 1)}, {(2, 1), (3, c), (4, c)}, {(1, c), (3, c), (4, 1)}, {(1, 1), (3, 1), (4, c)}.
The set of points, X , has |X | = 8, and the 4 groups of size 2 are {(1, 1), (1, c)}, {(2, 1), (2, c)}, {(3, 1), (3, c)} and
{(4, 1), (4, c)}. This is a GGDD(4, 3, 2; C2).
Example 16. The dicyclic group Q4 =
〈
a, b : a4 = 1, b2 = a2, ab = ba−1〉 has 8 elements. A GGDD(6, 3, 8;Q4) can be
constructed with X = (Z5 ∪ {∞})×Q4, by developing a small set of blocks over the groups Z5 and Q4. There are |X | = 6× 8
points, and the 6 groups of 8 points are the sets {(0, y) : y ∈ Q4}, {(1, y) : y ∈ Q4}, {(2, y) : y ∈ Q4}, {(3, y) : y ∈ Q4},
{(4, y) : y ∈ Q4} and {(∞, y) : y ∈ Q4}.
Start with 8 blocks:
{(∞, 1), (0, 1), (1, a)}, {(∞, 1), (0, b), (2, ab)}, {(0, 1), (2, a2), (3, a3b)}, {(0, a), (1, 1), (4, ab)},
{(∞, 1), (0, a), (1, 1)}, {(∞, 1), (0, ab), (2, b)}, {(0, a), (1, a2), (4, a3b)}, {(0, 1), (2, 1), (3, a2b)}.
Now develop the first coordinates additively over Z5 (using the rule∞+ x = x for all x ∈ Z5) and the second components
multiplicatively (on the right) over Q4. This way, each given block generates 40 blocks. For example, the 40 blocks generated
by {(∞, 1), (0, ab), (2, b)} are {(∞, z), (x, abz), (2+ x, bz)} for x ∈ Z5, z ∈ Q4. The group Q4 acts regularly on each of the
6 groups of 8 points.
For further information on generalized Bhaskar Rao designs, differencematrices, or group divisible designs see, for example,
the Handbook of Combinatorial Designs [26].
3. Existence problem
The existence problem for generalized Bhaskar Rao designs is the determination of a set of necessary and sufficient
conditions on the parameters for the existence of a GBRD(v, k, λ;G). The necessary conditions include the design related
conditions necessary for the underlying balanced block design (or the underlying GGDD of type |G|v) noted in Section 1.1
and some conditions relating to the group order and the Sylow 2-subgroup.
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The case when k = 3 is the main focus of this paper. Ge et al. [13] have completed the solution for all finite abelian groups.
In the Handbook of Combinatorics [26] it is remarked that the solution for nonabelian groups is far from completed. The
example given is that of the infinite class of dihedral groups which case was solved by Abel et al. [2]. This paper continues
the solution for nonabelian groups, including dicyclic groups and groups of orders less than 24.
4. Sufficient conditions when k = 3
Necessary conditions for the existence of a GBRD(v, 3, λ;G) were given in Theorem 3. At present there no parameters
v, λ,G satisfying these conditions for which a GBRD(v, 3, λ;G) is known not to exist. We conjecture that these necessary
conditions are sufficient, and present evidence for this.
Conjecture 17. If G is a finite group, and v ≥ 3, then the necessary conditions in Theorem 3 are sufficient for the existence of a
GBRD(v, 3, λ;G).
Conjecture 17 is true for the following values of the parameters G, λ and v, which we consider in detail in the following
subsections:
Section 4.1. Whenever v = 3;
Section 4.2. Whenever G is abelian;
Section 4.3. For several infinite families of groups;
Section 4.4. For all small groups G.
Also, in Section 4.5, we give some asymptotic results.
4.1. v = 3 (Complete mappings and the Hall–Paige Conjecture)
When v = 3, the necessary conditions in Conjecture 17 reduce to saying that ifGhas a nontrivial cyclic Sylow2-subgroup,
then λ ≡ 0 (mod 2|G|). We show that this is sufficient to ensure the existence of a GBRD(3, 3, λ;G). That is, in this section,
we prove the following Theorem which is a consequence of the recently proved Hall–Paige Conjecture.
Theorem 18. For any finite group G,
(i) if the G has a trivial or noncyclic Sylow 2-subgroup then, for all λ ≡ 0 (mod |G|), there exists a GBRD(3, 3, λ;G);
(ii) if G has a nontrivial cyclic Sylow 2-subgroup, then there exists a GBRD(3, 3, λ;G) if and only if λ ≡ 0 (mod 2|G|).
For any group, G, the existence of a GBRD(3, 3, |G|;G) is equivalent to the existence of a complete mapping of G or,
equivalently, to the existence of a transversal of the group multiplication table. There are well-known bijections between
the transversals of the group tables and complete mappings, and between each of these and equivalence classes of GBRDs
with k = 3.
Definition 19. A complete mappingof a group G is a permutation x 7→ θ(x) of the elements of G such that the mapping
φ : x 7→ xθ(x) is again a permutation of the elements of G. A finite group which admits a complete mapping is called an
admissible group.
For more information about complete mappings see Evans [12]. From Hall and Paige [16] we have the fundamental result
that
Theorem 20 ([16]). A finite group admits no complete mappings if its Sylow 2-subgroup is nontrivial and cyclic.
Corollary 21. If G is a finite group with a nontrivial cyclic Sylow 2-subgroup, then there does not exist a GBRD(3, 3, |G|;G).
The converse to Theorem 20 is the famous Hall–Paige Conjecture:
Conjecture 22 ([16]). Any finite group with a trivial or noncyclic Sylow 2-subgroup is admissible.
The Hall–Paige Conjecture was proved by Paige [19] for abelian groups and by Hall and Paige [16] for many groups,
including alternating groups, symmetric groups and solvable groups. Other classes of groups were subsequently shown
to be admissible. Aschbacher [4] took a different approach by studying minimal possible counterexamples. Recently, in
2007/2008, the proof for all finite groups has been completed byWilcox, Evans and Bray ([26], New results) resulting in the
following theorem:
Theorem 23. A finite group admits complete mappings if and only if the Sylow 2-subgroup is trivial or noncyclic.
Corollary 24. If G is a finite group with trivial or noncyclic Sylow 2-subgroup, then there exists a GBRD(3, 3, |G|;G) and hence
a GBRD(3, 3, λ;G) for λ any multiple of |G|.
From this we have that the necessary conditions are sufficient when v = 3 and G does not have a nontrivial cyclic Sylow
2-subgroup.
Corollary 25. If G is a finite group with trivial or noncyclic Sylow 2-subgroup, then the necessary conditions for the existence of
a GBRD(3, 3, λ;G) are also sufficient.
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The Hall–Paige Conjecture also yields our result for the case when G has a nontrivial cyclic Sylow 2-subgroup. This was
shown in the context of Latin squares by Vaughan-Lee and Wanless [28] when they showed that the Hall–Paige Conjecture
implies the existence of a duplex in every group multiplication table. A duplex is a subset of the entries of a Latin square
which includes exactly two entries from each row, from each column, and two occurrences of each symbol. From a duplex in
a group tablewe can easily construct a (equivalence class of) GBRD(3, 3, 2×|G|;G). This gives the required result for groups
with cyclic Sylow 2-subgroups. (Note that, unlike the transversals, this is not a surjection onto the equivalence classes.) We
present this result in the context of GBRDs, in which the proof uses the homomorphism construction in Theorem 9:
Theorem 26. For any finite group G with a nontrivial cyclic Sylow 2-subgroup, there exists a GBRD(3, 3, λ;G) for λ ≡
0 (mod 2|G|).
Proof. Let G be a finite group with a nontrivial cyclic Sylow 2-subgroup. Clearly G× C2 has a noncyclic Sylow 2-subgroup,
so by Corollary 24 there is a GBRD(3, 3, 2 × |G|;G × C2). Each entry in this array is of the form, (g, i) where g ∈ G and
i ∈ C2. Replacing each such entry (g, i)with g , results in an array which is clearly a GBRD(3, 3, 2×|G|;G). Putting λ4 copies
of this design side by side gives a GBRD(3, 3, λ;G) for λ ≡ 0 (mod 2|G|) as required. 
4.2. G is abelian
Theorem 27. If G is a finite abelian group, and v ≥ 3, then the necessary conditions in Theorem 3 are sufficient for the existence
of a GBRD(v, 3, λ;G).
The proof for abelian groups is a long story with many players. For example, the result for the cyclic group C2 was obtained
by Seberry [24] and for the group C2 × C4 by Palmer and Seberry [22]. For C4, it was mostly solved by de Launey, Sarvate
and Seberry [9]. For some other groups, including all elementary abelian groups, it was solved by Lam and Seberry [18] and
Seberry [25]. Recently Ge et al. [13] completed the proof.
4.3. Infinite families of groups
Theorem 28. If G is a nilpotent group of odd order, or a dihedral or dicyclic group, and v ≥ 3, then the necessary conditions in
Theorem 3 are sufficient for the existence of a GBRD(v, 3, λ;G).
Proof. For nilpotent groups of odd order, (e.g. p-groups) this is proved in Palmer [21]. For the infinite family of dihedral
groups, this is proved in Abel et al. [2]. For the infinite family of dicyclic groups, this is proved in Section 5 of this paper. 
4.4. Sufficiently small groups G
Theorem 29. If G is a finite group with order |G| < 24, and v ≥ 3, then the necessary conditions in Theorem 3 are sufficient
for the existence of a GBRD(v, 3, λ;G).
Proof. The only nonabelian groups of order less that 24which are neither dicyclic nor dihedral are A4 (the alternating group
of order 12), seven nonabelian groups of order 16, two of order 18, one of order 20 and one of order 21. For A4 necessary
conditions have been shown to be sufficient in Combe et al. [7], and for the others we prove this result in Section 6 of this
paper. 
4.5. Asymptotic results
From de Launey [8] we have asymptotic results:
Theorem 30 ([8]). Let H be a group of odd order, h and let G = Z t2 × H, t ≥ 0 have order |G| = g. Given positive integers k
and µ there exists an integer M(k, µg ;G) such that:
1. If g is odd, then the following necessary conditions are sufficient for the existence of a GBRD(v, k, µ;G) for all v >
M(k, µg ;G):
(i) µ = λg, for some integer λ;
(ii) gλ(v − 1) ≡ 0 (mod k(k− 1));
(iii) gλv(v − 1) ≡ 0 (mod k(k− 1)).
2. If g is even, the conditions (i)–(iii) given in (1) are sufficient for the existence of a GBRD(v, k, 2µ;G) for all v > M(k, µg ;G).
Furthermore, whenever k(k−1)
(g,k(k−1)) is odd, the conditions are also necessary.
5. GBRDs with k = 3 over dicyclic groups
For n = 1, 2, . . ., the dicyclic group, Q2n =
〈
a, b : a2n = 1, b2 = an, ab = ba−1〉. The group Q2n is of order 4n and is
nonabelian for n 6= 1. When n = 1, Q2n is cyclic. Dicyclic groups have a well-known normal subgroup structure which
can be exploited for the construction of generalized Bhaskar Rao designs. Some of these properties are summarized in
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what follows:
Lemma 31. 1. The unique element of order 2 of Q2n is an.
2. The Sylow 2-subgroup of Q2n is dicyclic. It is not normal, except in the trivial case when n is a power of 2. The Sylow 2-subgroup
is cyclic if and only if n is odd, in which case it is cyclic of order 4.
3. Q2n has a cyclic subgroup H = 〈a〉 of order 2n.
4. If m divides n, then Q2n has a subgroup isomorphic to Q2m. It is normal only when m = n or n/2.
5. If d divides 2n, then
〈
ad
〉
is normal in Q2n. If d divides n, then Q2n/
〈
ad
〉
is isomorphic to the dihedral group, Dd of order 2d. If d
does not divide n, then Q2n/
〈
ad
〉
is isomorphic to Qd.
Example 32. If G is one of the following groups of order 4n:
1. The dihedral group D2n =
〈
a, b : a2n = 1, b2 = 1, ab = ba−1〉where n is a positive integer;
2. The abelian group C2 × C2n =
〈
a, b : a2n = 1, b2 = 1, ab = ba〉where n is a positive integer;
3. The dicyclic group Q2n =
〈
a, b : a2n = 1, b2 = an, ab = ba−1〉where n is even;
then the matrix consisting of the following 4n columns, for i = 0, 1, 2, . . . , n− 1, is a GBRD(3, 3, |G|;G): 1 1 1 1ai a2n−i−1 aib a2n−i−1b
a2n−i−1 an+i+1b an−ib ai
 .
Example 32 provides explicitly a GBRD(3, 3, 4n;Q2n) for even n.When n is odd,Q2n has a cyclic Sylow2-subgroup, so there is
no GBRD(3, 3, 4n;Q2n). However, by Theorem 26, there is a GBRD(3, 3, 8n;Q2n). (Alternatively, from Lemma 31,
〈
a2
〉 ∼= Cn,〈
a2
〉
C Q2n and, since n is odd, Q2n/
〈
a2
〉 ∼= Q2 ∼= C4. Since C4 is abelian and 8 = 2 × |C4|, there exists a GBRD(3, 3, 8; C4).
Since n is odd, there exists a GBRD(3, 3, n; Cn). Hence applying Theorem 8 yields a GBRD(3, 3, 8n;Q2n).)
For Q2n, the necessary conditions listed in Conjecture 17 simplify to (i) λ ≡ 0 (mod 4n), (ii) λv(v− 1) ≡ 0 (mod 3) and (iii)
if v = 3, then λ ≡ 0 (mod 8). Set λ = 4nt , for integer t ≥ 1. In this section we show that:
Theorem 33. For any dicyclic group Q2n and v ≥ 3, the necessary conditions in Theorem 3 are sufficient for the existence of a
GBRD(v, 3, λ;Q2n). That is
(i) There exists a GBRD(3, 3, λ;Q2n) if and only if λ = 4nt for some positive integer t, where nt ≡ 0 (mod 2).
(ii) For v > 3, there exists a GBRD(v, 3, λ;Q2n) if and only if λ = 4nt for some positive integer t, and nt ≡ 0 (mod 3), or
v ≡ 0, 1 (mod 3).
It remains to prove the theorem for v > 3. We prove the existence of various designs with specific parameter values, and
then use construction theorems to prove sufficiency in general.
Lemma 34. For all n, there exists a GBRD(4, 3, 4n;Q2n).
Proof. Note that
〈
a2
〉
C Q2n and that
〈
a2
〉 ∼= Cn. The quotient is dihedral or dicyclic. If n is even, thenQ2n/ 〈a2〉 ∼= D2 ∼= C2×C2.
It iswell known that a GBRD(4, 4, 4; C2×C2) exists, and Cn is abelian so a GBRD(4, 3, n; Cn) exists byGe et al. [13]. Therefore
by applying Theorem 8, we obtain a GBRD(4, 3, 4n;Q2n).
If n is odd, then Q2n/
〈
a2
〉 ∼= Q2 ∼= C4. There is no GBRD(4, 4, 4; C4), however there does exist a GBRD(4, 3, 4; C4). Since n
is odd there exists a GBRD(3, 3, n; Cn). Hence, by applying Theorem 8, we obtain a GBRD(4, 3, 4n;Q2n). 
Lemma 35. For all n, there exists a GBRD(6, 3, 4n;Q2n).
Proof. For even n we show that there exists a GGDD(6, 3, 4n;Q2n), and hence there exists a GBRD(6, 3, 4n;Q2n). Note
that the GGDD(6, 3, 8;Q4) is presented in detail in Example 16. In general, let n = 2m, and X = (Z5 ∪ {∞}) × Q2n. For
i = 0, 1, . . . ,m − 1, the following 4m blocks generate the required GGDD. Develop the first coordinates over Z5, and the
second coordinates over Q4m.
{(∞, 1), (0, ai), (1, a2m−i−1)}, {(∞, 1), (0, aib), (2, a2m−i−1b)},
{(0, am), (1, a2i), (4, am−i−1b)}, {(0, 1), (2, a2i+2), (3, am−i−2b)}.
For odd n proceed as in Lemma 34. Both a GBRD(6, 3, 4; C4) and a GBRD(3, 3, n; Cn) exist. Hence, by applying Theorem 8,
we obtain a GBRD(6, 3, 4n;Q2n). 
Lemma 36. If n ≡ 0 (mod 6), then a GBRD(v, 3, 4n;Q2n) exists for v ∈ {5, 8}.
Proof. Let n = 3p, p ≥ 1, so p ≡ 0 (mod 2). We have 〈a3〉 C Q2×3p, and Q2×3p/ 〈a3〉 ∼= D3. By Abel et al. [2] there exists
a GBRD(v, 4, 6;D3) for each of v = 5, 8. Furthermore,
〈
a3
〉 ∼= Cp, and there exists a GBRD(4, 3, p; Cp). (Note this required
p ≡ 0 (mod 2).) Hence, applying Theorem 8 we obtain a GBRD(5, 3, 4n;Q2n) and GBRD(8, 3, 4n;Q2n). 
Lemma 37. For all n, GBRD(5, 3, 4n× 3;Q2n) and GBRD(8, 3, 4n× 3;Q2n) exist.
Proof. When v = 5 or 8,wenote that a BIBD(v, 4, 3) exists. A GBRD(4, 3, 4n;Q2n) exists by Lemma34. Applying Theorem7,
we obtain a GBRD(v, 3, 4n× 3;Q2n). 
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Theorem 38. For v > 3, v ≡ 0, 1 (mod 3), and t ≥ 1, a GBRD(v, 3, 4nt;Q2n) exists for all n.
Proof. Let v > 3, v ≡ 0, 1 (mod 3). It is enough to show there is a GBRD(v, 3, 4n;Q2n).
For even n, we already have a GBRD(v, 3, 4n;Q2n) for v = 3, 4, 6 in Example 32 and Lemmas 34 and 35. For v ≥ 7,
v ≡ 0, 1 (mod 3), we can apply Theorem 7, since a PBD(v; {3, 4, 6}; 1) exists for all such v by Lemma 6.
For odd n, we argue as in Lemmas 34 and 35: that is, for v ≡ 0, 1 (mod 3), a GBRD(v, 3, 4; C4) exists, and for n odd there is
a GBRD(3, 3, n; Cn). Hence, by applying Theorem 8, we obtain a GBRD(v, 3, 4nt;Q2n). 
Theorem 39. If v > 3, n ≡ 0 (mod 3) and t ≥ 1, there exists a GBRD(v, 3, 4nt;Q2n).
Proof. It is enough to show that for v > 3, n ≡ 0 (mod 3) there is a GBRD(v, 3, 4n;Q2n).
For even n, n ≡ 0 (mod 3), we have from Example 32 and Lemmas 34–36 that there exists a GBRD(v, 3, 4n;Q2n) for
v = 3, 4, 5, 6, 8. For other v we can apply Theorem 7, since a PBD(v; {3, 4, 5, 6, 8}; 1) exists for all v by Lemma 6.
For odd n, n ≡ 0 (mod 3), there is no GBRD(v, 3, 4n;Q2n) for v = 3. We have
〈
a6
〉 ∼= Cn/3, 〈a6〉 C Q2n and since n is odd,
Q2n/
〈
a6
〉 ∼= Q6. Further, for v > 3, there exists a GBRD(v, 3, 12;Q6) from Abel et al. [3], and as n/3 is odd, there exists a
GBRD(3, 3, n/3; Cn/3). Therefore by applying Theorem 8, we obtain a GBRD(v, 3, 4n;Q2n) for v > 3. 
Theorem 40. If v > 3, there exists a GBRD(v, 3, 4nt;Q2n) for t ≡ 0 (mod 3) and all n.
Proof. It is enough to show that for v > 3, there is a GBRD(v, 3, 12n;Q2n) for all n. By Theorem 38 we can assume that
v ≡ 2 (mod 3).
For evenn, we have fromExample 32 and Lemmas 34, 35 and37 that there exists a GBRD(v, 3, 12n;Q2n) for v = 3, 4, 5, 6, 8.
For other v, we can apply Theorem 7, since a PBD(v; {3, 4, 5, 6, 8}; 1) exists for all v by Lemma 6.
For odd n, there does not exist a GBRD(v, 3, 12n;Q2n) for v = 3. However, we have that
〈
a2
〉
C Q2n,
〈
a2
〉 ∼= Cn, and, since n
is odd, Q2n/
〈
a2
〉 ∼= Q2 ∼= C4. Since C4 is abelian, we have that a GBRD(v, 3, 12; C4) exists for all v ≡ 2 (mod 3). Since n is
odd there exists a GBRD(3, 3, 3n; Cn). Applying Theorem 8, we obtain a GBRD(v, 3, 12n;Q2n). 
Theorems 38–40 combine to prove our result for dicyclic groups.
6. Nonabelian groups of order 16, 18, 20 or 21.
6.1. Groups of order 16
There are 9 nonabelian groups of order 16. These are well known; they include a dihedral group D8 and a dicyclic group
Q8. Details can be found, for example, in Thomas and Wood [27].
Lemma 41. If G is a nonabelian group of order 16, then the necessary conditions for the existence of a GBRD(v, 3, λ;G) reduce
to λ ≡ 0 (mod 16) and λv(v − 1) ≡ 0 (mod 3).
Proof. Let G be a nonabelian group of order 16. A nonabelian 2-group cannot have a cyclic Sylow 2-subgroup, so Drake’s
Theorem gives no restriction. We have that necessary conditions for a GBRD(v, 3, λ;G) are firstly that λ ≡ 0 (mod 16),
hence λ(v− 1) ≡ 0 (mod 2) is redundant and λv(v− 1) ≡ 0 (mod 6) reduces to λv(v− 1) ≡ 0 (mod 3). Finally, |G| = 16
is even, so λv(v − 1) ≡ 0 (mod 24), but this is now redundant as well. 
Lemma 42. Let G be the group of order 16, referred to in [27] as Γ3a2, and given by G = Γ3a2 = 〈r, a : r8 = 1, a2 = 1, ra =
ar3〉. Then there exists a GBRD(6, 3, 16;G).
Proof. The following initial blocks generate a GGDD(6, 3, 16;G) where the first coordinates are developed over C5. This
corresponds to a GBRD(6, 3, 16;G).
{(∞, 1), (0, 1), (1, r7)}, {(∞, 1), (0, a), (2, r7a)}, {(0, r4), (1, 1), (4, r3a)}, {(0, 1), (2, r2), (3, r2a)},
{(∞, 1), (0, r), (1, r6)}, {(∞, 1), (0, ra), (2, r6a)}, {(0, 1), (1, r2), (4, r2a)}, {(0, 1), (2, r4), (3, ra)},
{(∞, 1), (0, r2), (1, r5)}, {(∞, 1), (0, r2a), (2, r5a)}, {(0, r4), (1, r4), (4, ra)}, {(0, 1), (2, r6), (3, a)},
{(∞, 1), (0, r3), (1, r4)}, {(∞, 1), (0, r3a), (2, r4a)}, {(0, 1), (1, r6), (4, a)}, {(0, 1), (2, 1), (3, r7a)}. 
We use normal subgroups of order 4 for our result. There are exactly two groups of order 4, C4 and C2 × C2, and both are
abelian. We present as a lemma the following well-known results about GBRDs over groups of order 4.
Lemma 43. • There exists a GBRD(4, 3, 4; C2 × C2) and a GBRD(4, 3, 4; C4).• There exists a GBRD(4, 4, 4; C2 × C2).• There does not exist a GBRD(3, 3, 4; C4), and hence not a GBRD(4, 4, 4; C4).• There exists a GBRD(6, 3, 4; C2 × C2) and a GBRD(6, 3, 4; C4).• For u = 5, 8, there exists a GBRD(u, 3, 12; C2 × C2) and a GBRD(u, 3, 12; C4).• For u = 5, 8, there exists a GBRD(u, 4, 12; C2 × C2) (from Ge et al. [14]).
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Theorem 44. If G is a nonabelian group of order 16, then the necessary conditions in Theorem 3 are sufficient for the existence
of a GBRD(v, 3, λ;G). That is, if both λ ≡ 0 (mod 16) and λv(v − 1) ≡ 0 (mod 3), then there exists a GBRD(v, 3, λ;G).
Proof. Each nonabelian group of order 16 has normal subgroups of order 4, including at least one where not both the
subgroup and the quotient group are cyclic, and hence one of them is (isomorphic to) C2 × C2. Let G be a nonabelian group
of order 16, λ ≡ 0 (mod 16) and λv(v − 1) ≡ 0 (mod 3). It is sufficient to show there exists a GBRD(v, 3, λ;G) for
(i) v ≡ 0, 1 (mod 3) and λ = 16, and
(ii) v ≡ 2 (mod 3) and λ = 48.
Case (i): For v ≡ 0, 1 (mod 3), v ≥ 3, there exists a PBD(v, {3, 4, 6}; 1) by Lemma 6, and hence, by Theorem 7 it is enough
to show there is a GBRD(u, 3, 16;G) for u = 3, 4, 6.
For u = 3, this GBRD exists by Corollary 25.
For u = 4, 6, letN be a normal subgroup ofGwhich has order 4. The quotientG/N has order 4. If we can chooseN ∼= C2×C2,
then there exists a GBRD(3, 3, 4;N) and a GBRD(4, 3, 4;G/N), and hence by Theorem 8 there exists a GBRD(4, 3, 16;G).
Similarly, a GBRD(6, 3, 4;G/N) exists, so again by Theorem 8, a GBRD(6, 3, 16;G) exists.
If G does not have a noncyclic normal subgroup of order 4, then G must be dihedral, dicyclic or the group Γ3a2 defined in
Lemma 42, and in each of these three groups there is a cyclic normal subgroup of order 4,H say, withG/H ∼= C2× C2. There
exists a GBRD(4, 4, 4;G/H) and a GBRD(4, 3, 4;H) and so by by Theorem 8 there exists a GBRD(4, 3, 16;G). For u = 6 a
GBRD(6, 3, 16;G) is given for dihedralG in Abel et al. [2], for dicyclicG in Lemma 35 and for the group Γ3a2 in Lemma 42.
Therefore, for v ≡ 0, 1 (mod 3) and λ = 16, there exists a GBRD(v, 3, λ;G).
Case (ii): For all v ≥ 3, there there exists a PBD(v, {3, 4, 5, 6, 8}; 1) by Lemma 6, and hence, by Theorem 7 it is enough to
show there is a GBRD(u, 3, 48;G) for u = 3, 4, 5, 6, 8. From case (i), we have these for u = 3, 4, 6, so it remains to show that
they exist for u = 5, 8. If we can choose a normal subgroupN ∼= C2×C2, then for u = 5, 8 there exist a GBRD(u, 3, 12;G/N)
and a GBRD(3, 3, 4;N) and hence by Theorem 8 there exists a GBRD(u, 3, 48;G).
On the other hand, ifG has no noncyclic normal subgroup of order 4, there is a cyclic normal subgroup of order 4,H say,
with G/H ∼= C2 × C2. For u = 5, 8 there exists a GBRD(u, 4, 12;G/H) and a GBRD(4, 3, 4;H) and so by Theorem 8 there
exists a GBRD(u, 3, 48;G). Therefore, for λ = 48, and for all v ≥ 3, there exists a GBRD(v, 3, λ;G). 
6.2. Order 18
Theorem 45. If G is a nonabelian group of order 18, then the necessary conditions in Theorem 3 are sufficient for the existence
of a GBRD(v, 3, λ;G). That is, if both λ ≡ 0 (mod 18) and λv(v − 1) ≡ 0 (mod 8), then there exists a GBRD(v, 3, λ;G).
Proof. The two nonabelian groups of order 18 which are not dihedral are (i) G ∼= S3 × C3 (reference 18/3 in [27]) and (ii)
G ∼= (C3 × C3) o C2 (reference 18/5 in [27]).
Case (i): Let G ∼= S3 × C3, and hence C3 C G. From [2], the values of v and t for which there exists a GBRD(v, 3, 6t; S3)
are t(v(v − 1)) ≡ 0 (mod 4), which are precisely the necessary conditions for a GBRD(v, 3, 18t;G). Since the quotient
G/C3 ∼= S3, and there exists a GBRD(3, 3, 3; C3), we have (by Theorem 8) that a GBRD(v, 3, 18t;G) exists for all v and t
satisfying the necessary conditions.
Case (ii):G ∼= (C3×C3)oC2.We takeG to be given byG = 〈a, b, c : a3 = b3 = z2 = 1, a.b = b.a, a.z = z.a−1, b.z = z.b−1〉.
Necessary conditions for a GBRD(v, 3, 18t;G) are t(v(v−1)) ≡ 0 (mod 4). So it is sufficient to exhibit a GBRD(v, 3, 18t;G)
for all v ≡ 0, 1 (mod 4) or t = 2.
A GBRD(5, 3, 18; (C3 × C3) o C2) can be obtained by cyclically permuting each of the following 12 columns. The resulting
design has 60 columns.
1 1 1 1 1 1 1 1 1 1 1 1
0 0 0 0 1 b b2 ab a2b2 0 0 ab2
b b2 a a2 za z za2 zab2 zab a2b2 ab 1
0 0 0 0 0 0 0 0 0 0 0 0
z za2 zab zab2 0 0 0 0 0 a a2 0
 .
A GBRD(8, 3, 18; (C3 × C3) o C2) can be obtained by cyclically permuting the first 7 rows in each of the 24 columns in the
following 2 arrays, while leaving the 8th row unaltered. This design has 168 columns.
1 1 1 1 1 b b2 ab2 a2b2 1 a2 za
b ab ab2 a 1 a2 za z za2b za2b2 a 1
0 0 0 0 0 0 0 0 0 0 0 0
a2b2 ab2 za2 z zb2 1 1 1 1 1 1 a2b2
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

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0 0 0 0 0 0 0 0 0 0 0 0
zb zab2 z 1 1 1 0 1 0 0 za zab
1 1 1 b2 a2b 0 1 za2 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0
ab2 1 b2 0 0 a2 ab 0 zb zab2 1 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 a2b2 b za2b za2b2 1 a2b ab2 ab b2

.
Note that G has a normal subgroup which is (isomorphic to) C3 × C3, which has quotient group (isomorphic to) C2.
Consider first v ≡ 0, 1 (mod 4). By Lemma 6, there exists a PBD(v; {4, 5, 8, 9, 12}; 1). Necessary conditions for a
GBRD(u, 3, 2t; C2) are tu(u − 1) ≡ 0 (mod 12). Since C2 is abelian, these conditions are also sufficient (Ge et al. [13]).
Hence for each of v = 4, 9, 12, there exists a GBRD(v, 3, 2; C2). Also, it is well known that a GBRD(3, 3, 9; C3 × C3) exists,
and therefore by Theorem 8 there exists a GBRD(v, 3, 18;G) for v = 4, 9, 12.
Explicit constructions for GBRD(v, 3, 18;G) have just been given for v = 5, 8. Since a GBRD(v, 3, 18;G) exists for
v = 4, 5, 8, 9, 12, Theorem 7 gives us a GBRD(v, 3, 18;G) for all v ≡ 0, 1 (mod 4).
Consider now t = 2. We need to show there exists a GBRD(v, 3, 36;G) for all v ≥ 3. By Lemma 6, for all v ≥ 3
there exists a PBD(v; {3, 4, 5, 6, 8}; 1). By Theorem 18, there exists a GBRD(3, 3, 36;G). For v = 4, 5, 8, we obtain a
GBRD(v, 3, 36;G) by putting two copies of a GBRD(v, 3, 18;G) side by side. We have a GBRD(6, 5, 4; C2) from Chaudry
et al. [6], and a GBRD(5, 3, 9; C3 × C3) from Ge et al. [13] and therefore, by Theorem 8 there exists a GBRD(6, 3, 36;G). So
a GBRD(v, 3, 36;G) exists for v = 3, 4, 5, 6, 8 and hence by Theorem 7 there exists a GBRD(v, 3, 36;G) for all v. 
6.3. Order 20 or 21
Theorem 46. If G is a nonabelian group of order 20 or 21, then the necessary conditions in Theorem 3 are sufficient for the
existence of a GBRD(v, 3, λ;G).
Proof. The only nonabelian group of order 20which is not dihedral or dicyclic is hol(C5). This grouphas the formG ∼= C5oC4,
so C5 C G and G/C5 ∼= C4. The values of v and t for which there is a GBRD(v, 3, 4t; C4) are precisely those satisfying
the necessary conditions for a GBRD(v, 3, 20t;G), that is tv(v − 1) ≡ 0 (mod 3). A GBRD(3, 3, 5; C5) exists. Hence by
Theorem 8, there is a GBRD(v, 3, 20t;G) for all v and t with tv(v − 1) ≡ 0 (mod 3).
The only nonabelian group of order 21 has the formG ∼= C7 o C3, so C7 C G andG/C7 ∼= C3. The values of v and t for which
there is a GBRD(v, 3, 3t; C3) are precisely those satisfying the necessary conditions for a GBRD(v, 3, 21t;G), that is all v
and t . There exists a GBRD(3, 3, 7; C7) and hence by Theorem 8 there exists a GBRD(v, 3, 21t;G) for all v and t . 
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